Abstract: This article gives an overview on the mass conservation properties of finite element discretisations applied to coupled flow-transport problems. The system is described by the instationary, incompressible Navier-Stokes equations and the timedependent transport equation. Due to the incompressibility constraint, the weak solution of the transport equation satisfies a global mass conservation. Since the discretised velocity fulfils only a discrete incompressibility constraint, the global mass conservation is in general satisfied only approximately. Several discretisations which ensure the global mass conservation also on the discrete level will be studied.
Introduction
Advection-diffusion equations arise in a number of important applications. Their robust and accurate numerical solution is -in case of advection-dominated flows -still a challenge. Often it is neglected that the physical processes are governed by a velocity field u which itself is the solution of a hydrodynamical model like the incompressible Navier-Stokes equations. We address in this paper the is- sue of mass conservation when the underlying velocity field u in the transport equation is replaced by an approximation u h .
We consider the simplest case of a coupled flow-transport problem in a bounded domain Ω ⊂ R d , d = 2, 3. The system is described by the instationary, incompressible Navier-Stokes equations 
Here, u and p denote the velocity and the pressure of the fluid, ν and ε are small positive numbers, T > 0 defines the final time. The boundary ∂Ω is split into the inflow boundary Γ − := {x ∈ ∂Ω : u · n < 0} and the outflow boundary Γ + := ∂Ω \ Γ − where n is the unit outer normal. Furthermore, c is the concentration of a species transported with the flow field and c I its concentration at the inflow boundary Γ − . The boundary condition used in (2) are called Danckwert boundary condition and are common in chemical reactor theory, see Aris (1999) ; Barber et al. (1998) . It models at the inlet the continuity of flux per unit area which is −u · nc I just before entering the reactor and −(cu − ε∇c) · n just after entering. The boundary condition at the outlet guarantees consistency with a completely mixed reactor (in the limit case ε → ∞). Concerning the boundary conditions in (1), we assume that the given velocity field u b on the boundary ∂Ω is the restriction of a divergence free function which we denote again by u b . The initial velocity u 0 satisfies the incompressibility constraint ∇ · u 0 = 0. Different discretisation methods for both the instationary, incompressible Navier-Stokes equations and the transport equation have been developed in the practically important case of ν 1 and ε 1, for an overview see Roos et al. (1996) . We study the mass conservation of the discretised transport equation when using stabilised schemes. For simplicity of notation we restrict ourselves to the semidiscretisation in space of the problems (1) and (2). The results can be extended to the fully discretised problems using discontinuous Galerkin methods in time.
2 The transport equation
Continuous and discrete mass conservation
Let W := H 1 (Ω), (·, ·) and ·, · Γ denote the L 2 -inner products on Ω and Γ, respectively. A weak formulation of the transport problem (2) is given by Find c(t) ∈ W such that for all ϕ ∈ W :
Due to the absence of a Dirichlet boundary condition, we can set ϕ = 1 in (3). Then, using the incompressibility constraint ∇ · u = 0, we get from (3) the global mass conservation property
Let the domain Ω be polyhedral. We are given a family T h h>0 of shape-regular triangulations of Ω into simplicial elements K. The diameter of K is denoted by h K while h := max h K : K ∈ T h . Let W h ⊂ W be a finite element space for approximating the concentration. Then, the standard Galerkin discretisation of (3) reads
Note that the solenoidal vector field u used in (3) has been replaced in (5) by some -in general -discontinuous approximation u h . Setting ϕ h = 1 and using elementwise integration by parts, we end up with
where compared to the global mass conservation on the continuous level, see (4), the additional term
is present. Here, E h denotes the set of inner faces E in T h , (·, ·) K and ·, · E denote the L 2 -inner products on K and E, respectively. With each E ∈ E h we associate an arbitrary but fixed unit normal n E and define the jump of a quantity ψ across the common face E of the two adjacent elements K and K by
where n E is an outer normal to K. The discrete counterpart of the global mass conservation (4) is Eq. (6) with m h (c h , u h ) = 0. We will study in the following sections conditions which guarantee m h (c h , u h ) = 0.
Stabilised schemes for the transport equation
In the case 0 < ε 1, the standard Galerkin discretisation exhibits spurious oscillations which can be suppressed by using some sort of stabilised schemes. We consider stabilised schemes of the following type:
In the Streamline Diffusion (SD) method (Brooks and Hughes, 1982) , weighted residuals of the strong form of the differential equation are added. Thus, one has
with user-chosen parameters τ K . In the subgrid scale method (Guermond, 1999; Ern and Guermond, 2004) , the space W h contains a subspace of resolvable scales W H ⊂ W h which is given by a projector P H : W h → W H . Then, the non-resolvable scales are stabilised by adding
to the standard Galerkin approach (5) where τ K are again user-chosen parameters.
Finally, we mention the local projection stabilisation (Braack and Burman, 2006; Matthies et al., 2006) which relies on a local projection operator P : W h → D h into a proper space of discontinuous finite elements. Here, the added stabilising term becomes
Note that the subgrid scale method stabilises the unresolvable scales by an artificial viscosity whereas the local projection method controls the fluctuations of the gradient, i.e. (id − P )∇c h , in the L 2 -norm. We see that in all considered cases the stabilising terms vanish for ϕ h = 1. Hence, the global mass conservation will be guaranteed for both the standard Galerkin and stabilised methods provided that the additional term m h (c h , u h ) in (6) vanishes.
3 The incompressible Navier-Stokes equations 3.1 Weak formulation and Galerkin approach
, and Q := q ∈ M : (q, 1) = 0 . A weak formulation of the Navier-Stokes problem (1) reads:
and
Our assumption that u b is the restriction of a divergence free function yields
This combined with (9) implies that (∇ · u, q) = 0 for all q ∈ L 2 (Ω). We consider inf-sup stable discretisations of the problem (8)
is satisfied with a positive constant β which is independent of the mesh size parameter h. Using the discrete spaces V h and M h , the standard Galerkin approach of (8)- (9) reads
where u b,h is a suitable approximation of u b which satisfies the condition u b,h · n, 1 ∂Ω = 0. As a consequence,
Thus, if the normal components of u h are continuous over the cell faces E, we get the discrete analogon of (10)
While discretising the Navier-Stokes problem by inf-sup stable finite elements, one has to make the fundamental decision of choosing either a continuous or discontinuous pressure approximation. Due to (13), the incompressibility constraint ∇ · u = 0 from (1) is fulfilled only in an approximate sense. If discontinuous pressure approximations are used, the mass conservation in the fluid is satisfied more locally since functions with support within one element can be used as test functions.
Stabilised finite element methods for the Navier-Stokes equations
In recent years, a huge number of schemes has been developed to stabilise both the effect of dominating advection and the instabilities caused by using a finite element pair V h and Q h which do not satisfy (11), see e.g. Hansbo and Szepessy (1990) ; Tobiska and Verfürth (1996) ; Braack and Burman (2006) ; Matthies et al. (2006) . In particular, the use of equal order interpolation of velocity and pressure with the streamline diffusion method or the local projection stabilisation seems to be quite popular. However, a common feature of these types of stabilisation methods is an additional 'stabilising' term in the discrete mass balance (13) of the Navier-Stokes equation which produces an additional error for the mass conservation of the transport equation. Indeed, in the case of streamline diffusion method (Roos et al., 1996; Tobiska and Verfürth, 1996) K∈T h
several terms appear in addition. Following Braack and Burman (2006) ; Matthies et al. (2006) , the local projection stabilisation replaces the discrete mass balance (13) by the relation
is a finite element space associated with the family of macro triangulations {M h } h>0 of Ω into macro cells and α M are user-chosen parameters. Note that M h = T h is possible, see Matthies et al. (2006) . We see that the local projection scheme does not change the satisfaction of the divergence free condition for test functions from the kernel of the mapping q h → κ h ∇q h . This is an essential advantage compared to the streamline diffusion method.
For avoiding the discretisation error caused by these additional terms in the discrete mass balance, one can try to separate the stabilisation of the two instability phenomena: the dominating advection and the use of unstable finite element pairs for approximating velocity and pressure. Such separation techniques have been considered e.g. by Burman and Hansbo (2006) ; Franca et al. (2006); Gelhard et al. (2005) . We want to follow this advice in the following and restrict ourselves to the solution of the Navier-Stokes equations by inf-sup stable conforming finite element pairs and stabilisation methods which do not modify the discrete mass balance (13). In this case, the computed velocity field u h (t) ∈ u b,h + V h belongs to H 1 (Ω) d and is discretely divergence free in the sense that
Note that (13) implies that this relation holds first for all q h ∈ Q h ⊂ M h but the choice of the approximation u b,h of the boundary data u b indeed guarantees its fulfilness for all q h ∈ M h .
Mass conservative methods
We have seen in Section 2 that the mass of a species transported with the flow is conserved on the discrete level iff the term m h (c h , u h ) vanishes. Note that the term m h (c h , u) vanishes on the continuous level due to incompressibility condition ∇ · u = 0 and [u] E = 0 for all inner faces E ∈ E h . We will discuss in the following subsections several cases which ensure m h (c h , u h ) = 0.
Higher-order flow approximations
Let us assume that the transport equation is solved by a method of order r ≥ 1, i.e., the approximation error in space satisfies
for all c ∈ H r+1 (Ω) and 0 ≤ m ≤ r + 1. One example is the space P r of continuous, piecewise polynomials of degree less than or equal to r.
Let us first consider conforming finite element discretisations of the Navier-Stokes equations. Then, the sum over inner faces in m h (c h , u h ) vanishes due to [u h ] E = 0 for all E ∈ E h . But we also observe that the sum over all cells in m h (c h , u h ) vanishes if c h belongs to the approximation space M h for the pressure, in particular if W h ⊂ M h . Thus, to achieve mass conservation of the species transported with the flow, we could choose M h = W h , i.e. the space P r of continuous, piecewise polynomials of degree less than or equal to r. The velocity space has to be rich enough to satisfy the inf-sup condition (11). One possible choice would be the vector-valued version of the space P r+1 of continuous, piecewise polynomials of degree less than or equal to r + 1. The pair P d r+1 /P r is called the Taylor-Hood element and known to be inf-sup stable, see Girault and Raviart (1986) . Figure 1 indicates the degree of freedoms for r = 2. We end up with a discretisation of (u h , p h , c h ) in P d r+1 × P r × P r . Hence, the Navier-Stokes problem is discretised by a method which is of order r + 1 whereas the transport equation is approximated by a lower order method of order r. This results in an expected error estimate in the following form
which is suboptimal with respect to the flow problem. Another example in the two-dimensional case is indicated in Figure 2 and turns out to be also mass conservative. Here, the pressure and the concentration are discretised by continuous, piecewise linear functions on the triangulation T h whereas each velocity component is approximated by continuous, piecewise linear functions on the next refinement level T h/2 . Thus, we get the discretisation (u h , p h , c h ) in (4P 1 ) 2 × P 1 × P 1 . Although the number of degrees of freedom is the same as before for r = 2, the NavierStokes solution is now only approximated of first order. Let us mention that for quadrilateral or hexahedral elements mass conservative methods can be derived in a similar way. Note that this technique of using higher order approximations for the flow problem to get mass conservative schemes works for both, continuous and discontinuous pressure approximations.
Concerning nonconforming finite element discretisations of the Navier-Stokes equations on simplices, the consideration needs more care. Now, we do not have [u h ] E = 0 over the inner faces E ∈ E h . However, a careful investigation of the consistence error, see e.g. Matthies and Tobiska (2005) , shows that for a method of order r +1 we need that the velocity satisfies
This is just enough to guarantee that the sum over the inner faces in m h (c h , u h ) vanishes, see (7). If the discretisation is completed by discontinuous elements of order r for the pressure and continuous elements of order r for the concentration, then we conclude from (7) that m h (c h , u h ) = 0. , and concentration by continuous P 2 . Figure 3 indicates a variant of this method for r = 3. For nonconforming finite element discretisations of the NavierStokes equations on quadrilateral or hexahedral cells we refer to Matthies (2005) .
Summarising we see that a one order higher discretisation of the flow problem results in a global mass conservation of the transport equation. However, from the practical point of view, this technique of using higher order approximations for the flow problem seems to be non-attractive since the discretisation of the Navier-Stokes equations by a higher order method is too costly.
Post-processing of the discrete velocity
Another idea for ensuring the exact mass balance on the discrete level consists in replacing the discrete velocity solution u h by a different discrete function w h which is close to u h . This technique was proposed by Cockburn et al. (2005) for the local discontinuous Galerkin method applied to flow problems. To be precise, instead of solving the standard weak formulation of the transport equation, see (5), the following problems will be solved
The idea is to construct a postprocessing operator P h in such a way that the computed velocity u h which is discretely divergence free is mapped onto a divergence free velocity w h = P h u h . We show in the following that this really can be achieved. Let the Navier-Stokes equations be discretised by the inf-sup stable finite element pair P bubble r /P disc r−1 consisting of the velocity space of continuous, piecewise polynomials of degree r enriched with certain bubble functions and the pressure space of discontinuous, piecewise polynomials of degree r − 1, see Girault and Raviart (1986) . This stable pair is indicated in Figure 4 for the two-dimensional case and r = 2. We will construct the function w h ∈ P disc r which acts as an approximate velocity field in the transport equation by a post-processing. To this end, we define on each element K ∈ T h the vector-valued local interpolation (15) and
where
In the above formulas, we used the reference transformation F K : K → K which is a bijective mapping from the reference cell K onto the original cell K. Further,
and we have to fix the degrees of freedom by (15)-(17). The conditions (15)- (16) give
linear equations since the gradient of the constant function in P r−1 (K) is zero. Then, there is a simple characterisation of the space Ψ r in the two-dimensional case (d = 2) as Ψ r = ψ :ψ = curl λ 1λ2λ3 ϕ ϕ ∈ P r−2 whereλ 1λ2λ3 is the cubic bubble function vanishing on the boundary of the reference cell K, see Brezzi and Fortin (1991) . Hence, we have dim( Ψ r ) = r(r − 1)/2 in the case d = 2. Although the dimension of the space Ψ r is more delicate to determine in the three-dimensional case (d = 3), the number of equations equals in both cases the number of degrees of freedom resulting from (15)-(17). We refer to Brezzi and Fortin (1991) for the P d r -unisolvence of the degrees of freedom.
The definition of P K by (15)- (17) is the customisation of the interpolation operator P which was introduced by Cockburn et al. (2005) in the frame of local discontinuous Galerkin methods. The interpolation operator P K satisfies
r -unisolvence of its degrees of freedom. One can show by direct computation the following representation
K v where P BDM denotes the BDM-projection studied by Brezzi et al. (1985) and
Using the argument of equivalence of norms in finite dimensional spaces we conclude the stability of the local interpolation operator P K on P r (K), i.e.
The local interpolation operators P K can be put together to a global interpolation operator P h in the following way
Note that, in general, the function P h v will not belong to H 1 (Ω) d but to the space P disc r d of discontinuous, piecewise polynomials of degree less than or equal to r in each component. Next we will show that the post-processed solution P h u h is piecewise divergence free. We start with the incompressibility constraint (13) and use the conditions (15) and (16) of the definition of P K to obtain
Here, we have used ∇q h ∈ P r−1 (K) d and q h | E ∈ P r (E) for all faces E ⊂ ∂K.
Furthermore, we notice that the function α which is piecewise defined by
belongs to Q h . Since α| K ∈ P r−1 (K) holds true, we have to show only that α has zero integral mean over Ω. Indeed, we get
where we have used the condition (15).
Hence, α can be used as a pressure test function in (13). Using this, we obtain
which gives ∇·P h u h | K ≡ 0, i.e., the post-processed velocity solution is piecewise divergence free.
The modified convection field in (14) is chosen to be w h := P h u h . This ensures that the first term of m h (c h , w h ) vanishes. Moreover, the normal component of w h has no jumps across inner faces due to condition (15) in the definition of P K . Indeed, we have for all ϕ ∈ P r (E) that
where K and K are the two elements which are adjacent to E. Since [P h u h ] E ∈ P r (E) holds true, we conclude [P h u h ] E = 0. Hence, also the second term of m h (c h , w h ) vanishes.
Concerning of the approximation order of w h = P h u h , we get in the broken
where I h is the standard P r -interpolation of vector-valued functions and u h is the discrete velocity field computed by the P bubble r d /P disc r−1 element. Above we have used the triangle inequality, the approximation property of the P r -interpolation I h , the stability property of the postprocessing operator P h on the discrete space of piecewise polynomials of degree less than or equal to r, and the approximation property of the numerical solution u h of the Navier-Stokes equations.
Finally, let us consider the construction of the postprocessing operator P h in the case r = d = 2 in more detail. We assume that the Navier-Stokes equations have been lacements solved by using the inf-sup stable pair P bubble 2 2 /P disc 1 . Let us consider a cell K ∈ T h with its vertices a i , i = 1, 2, 3, the mid-points m i of the edges E i = a i a i+1 , i = 1, 2, 3, (where a 4 = a 1 ), and its barycentric coordinates λ i , i = 1, 2, 3, see Figure 5 . We set λ 4 = λ 1 for later use. Then, the velocity on K can be represented in the form
with the local scalar basis functions 4, 5, 6 , ϕ 7 = 60λ 1 λ 2 λ 3 , and the nodal functionals
For vector-valued functions we use the convention that the nodal functionals are applied component-wise, i.e., applying a nodal functional to a vector-valued function will result in a vector. Note that the property N i (ϕ j ) = δ ij , i, j = 1, . . . , 7, confirms the above representation of u h . Since the post-processing operator P K does not change any function from P 2 (K) 2 , we have
Here, {ψ i , i = 1, . . . , 6} denotes the standard nodal basis of scalar P 2 (K) which is given by
Let n i , i = 1, 2, 3, denote the outer unit normal of the edge E i . Taking into consideration that ϕ 7 ≡ 0 on E i , i = 1, 2, 3, we obtain from (15) that for any vector a ∈ R 2, 3. (18) In the practical realisation, we have a = N 7 (u h ). Since
, we can use these functions as test functions ϕ in (18). Hence, we conclude
In each vertex a i , i = 1, 2, 3, two of the three equation yield P K a ϕ 7 (a i ) = 0 i = 1, 2, 3.
Moreover, we get in the midpoint m i of edge E i that
Consequently, P K a ϕ 7 has only tangential components along the edges and can be written as
where τ i is the unit tangential vector along the edge E i and w i = P K a ϕ 7 (m i )·τ i , i = 1, 2, 3. This means in particular that only the tangential component will change when u h is replaced by the divergence free function w h = P h u h . Since ∇P 1 (K) = span(e 1 , e 2 ) with e 1 = (1, 0) T and e 2 = (0, 1) T , we obtain from (16) the two relations 1 3
The remaining equation to determine the 3 unknowns w i , i = 1, 2, 3, follows from (17). As a conclusion, we have to solve locally for each cell one linear 3 × 3 systems to compute the post-processed solution which will be globally continuous at all vertices with continuous normal fluxes in the midpoints of the edges. Compared to the method of Section 4.1, we solve both the transport and the Navier-Stokes equations with a method of order r. In this sense the current method is well balanced. Nevertheless, the mass conservation on the discrete level is guaranteed.
Scott-Vogelius elements
Now we will concentrate on finite element discretisations of the Navier-Stokes equations which guarantee that the discrete velocity solution u h is piecewise divergence free without any post-processing. To this end, let us consider discretisations with P d r /P disc r−1 -elements, i.e. continuous, piecewise polynomials of degree less than or equal to r for the velocity approximation and discontinuous, piecewise polynomials of degree less than or equal to r − 1 for the pressure. It is well-known for the two-dimensional case with r ≥ 4 that this finite element pair is inf-sup stable when special meshes which exhibit so-called singular vertices are excluded, see Scott and Vogelius (1985) . The characterisation of the three-dimensional meshes which have to be excluded to guarantee the inf-sup stability is more delicate. However, to find family of meshes such that this element is stable is a simpler task. Recently, the inf-sup stability has been shown on a certain type of macroelement meshes provided that the polynomial degree r is greater than or equal to the space dimension d, see Zhang (2005) . We start in the two-dimensional case with a shape regular decomposition of the domain into macro triangles and perform one refinement step by connecting the barycentre of each macro element with its vertices. On the resulting mesh the pair P 2 r /P disc r−1 is inf-sup stable provided r ≥ 2. Similarly, we start in three dimensions with a shape regular decomposition of the domain into macro tetrahedra. Each of them is divided into 4 tetrahedra by performing one refinement step. The "child"-tetrahedron consists of three vertices and the barycentre of the "parent"-tetrahedron. The pair P 3 r /P disc r−1 is inf-sup stable for r ≥ 3 on such family of meshes.
Note that in case of higher Reynolds number flows an edge-type stabilisation of dominating convection or a stabilisation by local projection can be used, see Burman and Linke (2006) .
Although a restriction on the mesh is needed this pair is attractive since a discretely divergence free function is divergence free. Indeed, due to the participating discrete spaces, the divergence of each discrete velocity field belongs to the pressure space. Hence, the discrete mass balance (13) yields 0 = (∇ · u h , ∇ · u h ), i.e., the discrete velocity solution u h is divergence free in the L
